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Abstract 

We consider emission of a photon by an electron in the field of a strong laser wave. A probability of 
this process for circularly or linearly polarized laser photons and for arbitrary polarization of all other 
particles is calculated. We obtain the complete set of functions which describe such a probability in a 
compact invariant form. Besides, we discuss in some detail the polarization effects in the kinematics 
relevant to the problem of e — » 7 conversion at 77 and ye colliders. 
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1 Introduction 

(N . 

£h ! The analysis of polarization effects in the Compton scattering 
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'""»■ e(p) + 1 (k)^e(p')+ 1 (k') (1) 

00 : 

is now included in text-books (see, for example, pp, §87). Nevertheless, the complete results for the cross 
sections with both initial and final particles polarized has been obtained only recently (see E] and 
the literature therein) . One interesting application of the process Q is the collision of an ultra-relativistic 
\ electron with a beam of polarized laser photons. In this case the Compton effect is the basic process 

• for obtaining of high-energy photons for contemporary experiments in nuclear physics and for future 

77 and 7e colliders 0. The importance of the particle polarization is clearly seen from the fact that 
in comparison with the unpolarized case the number of final photons with maximum energy is nearly 
doubled when the helicities of the initial electron and photon are opposite [3]. 

With the growth of the laser field intensity, an electron starts to interact coherently with n laser 
^5 photons, 

q} w e{q)+n lL {k)^e{q')+ 1 {k l ), (2) 

thus the Compton scattering becomes non-linear. Such a process with absorption of n = 1, 2, 3, 4 linearly 
polarized laser photons was observed in the recent experiment at SLAC [Hj. The polarization properties 
i-C of the process J2J are important for future 77 and ye colliders (see [3 El and the literature therein). The 

, non-linear Compton scattering must be taken into account in simulations of the processes in a conversion 

region of these colliders. For comprehensive simulation, including processes of multiple electron scattering, 
one has to know not only the differential cross section of the non-linear Compton scattering with a given 
number of the absorbed laser photons n, but energy, angles and polarization of final photons and electrons 
as well. The method of calculation for such cross sections was developed by Nikishov and Ritus [5j • It is 
based on the exact solution of the Dirac equation in the field of the external electromagnetic plane wave. 
Some particular polarization properties of this process were considered in P]-|14| and have already been 
included in the existing simulation codes |13M15| . 

In the paper |16j we presented the complete description of the non-linear Compton scattering for 
the case of circularly or linearly polarized laser photons and arbitrary polarization of all other particles. 
Besides, we derived (i) the approximate formulae relevant for the problem of e — > 7 conversion; (ii) the 
polarization of the final photons and electrons averaged over their azimuthal angles; (iii) the limiting 
cases of the small and large energies of the final photons; (iv) some numerical results obtained for the 
range of parameters close to those in the existing TESLA project |17j . Here we present the short review 
of the results obtained in ^Sj ■ 

We use the system of units in which c = 1, fi — 1. In what follows, we will often consider the non- 
linear Compton scattering in the frame of reference in which a high-energy electron performs a head-on 
collision with laser photons, i.e. in which p || (— k). We call this the "collider system". (For the case of 
non-head-on collision of the initial particles see |lfc>|.l 

1 This work is supported in part by INTAS and by the Fund of Russian Scientific Schools (code 2339.2003.2). 
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2 Kinematics 



Let us consider the interaction of an electron with a monochromatic plane wave. The corresponding 
electric and magnetic fields are E and B, a frequency is to, and let F be the root-mean-squared field 
strength, F 2 = (B 2 ) = (E 2 ) and n^ be the density of photons in the laser wave. The parameter 
describing the intensity of the laser field (the parameter of non-linearity) is defined as 



eF \ 2 4wa 



e= (— ) =^Pn L , (3) 
\muj ) m z to 

where e and m are the electron charge and the mass. 

From the classical point of view, the oscillated electron emits harmonics with frequencies nu>, where 
n = 1, 2, ... Their intensities at small £ 2 are proportional to (E 2 )" cx £ 2 ™, the polarization properties of 
these harmonics depend on the polarizations of the laser wave and the initial electron. From the quantum 
point of view, this radiation can be described as the non-linear Compton scattering with absorption of n 
laser photons. When describing such a scattering, one has to take into account that in a field of the laser 
wave the 4-momenta p and p' of the free initial and final electrons are replaced by the 4-quasi-momenta 
q and q', 

Q = P + e ^k k ' q ' =P ' +e 0k k > 1 2 = W) 2 = (l + e)m 2 . (4) 

As a result, we deal with the reaction J2J) for which the conservation law reads 

q + nk = q + k . (5) 

Since qk = pk, it is convenient to use the same invariant variables as for the linear Compton scattering 
(compare [3]): 

2pk AEuj kk' ui' ^ nx 

pk E ~ n 1 + nx + £ 2 



V = — ~ — <Vn= 1 , — | c2 ■ (6) 



The invariant description of the polarization properties of both the initial and the final photons can 
be performed in the standard way (see |T], §87). We define a pair of unit 4- vectors 



JV" = e^P a (k' -nk) p K^, P a = {q + q') a - {<1+ ^2 K K a , K a =nk a + k' a . 



(7) 



The 4- vectors and are orthogonal to each other and to the 4- vectors k and k', therefore, they are 
fixed with respect to the scattering plane of the process. 

Let £j be the Stokes parameters for the initial photon which are defined with respect to 4- vectors 
and e^ 2 ). As for the polarization of the final photon, it is necessary to distinguish the polarization 
of the final photon as resulting from the scattering process itself from the detected polarization ^ which 
enters the effective cross section and which essentially represents the properties of the detector as selecting 
one or other polarization of the final photon (for detail see PP, §65). Both these Stokes parameters, Q 
and £j, are also defined with respect to the 4- vectors and e^ 2 \ 

Let £ be the polarization vector of the initial electrons. As with the final photon, it is necessary to 
distinguish the polarization £W of the final electron as such from the polarization that is selected by 
the detector. The vectors £ and £' enter the effective cross section. They also determine the electron-spin 
4- vectors a and a'. 

Now we have to define invariants which describe the polarization properties of the initial and the final 
electrons. For the linear Compton scattering, the relatively simple description was obtained in [5] using 
invariants which have a simple meaning in the center-of-mass system. However, this frame of reference 
is not convenient for the description of the non-linear Compton scattering, since it has actually to vary 
with the change of the number of the absorbed laser photons n. 
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Since ap = a'p' = 0, we can decompose the electron polarization 4-vectors over three convenient unit 
4-vectors ej and e'-, j — 1, 2, 3, projections on which determine polarization properties of the electrons. 
Our choice is based on the experience obtained in 4^ and |14j : 



d = e«, e 2 = - e W-^-k, e 3 = -(p--k); (S, 

m z a; to V x 



3' = e (1) , el = -e (2) - — — ^— fc , e' = — fp' - 2 fe 

m 2 x(l —y)' 3 to y x(l — y) 



These vectors satisfy the conditions 



eiej = -8ij , ejp = ; e-e^ = , e^p' = . (9) 

It allows us to represent the 4-vectors a and a' in the following covariant form: a = Y2j=i Cj e j> 
a' = Ej=i Cj«j, wh ere 

Q = -a ej , Cj = -a' e ;-- (10) 

3 Cross section in the invariant form 

The usual notion of the cross section is not applicable for the reaction @ and usually its description is 
given in terms of the probability of the process per second W m . However, for the procedure of simulation 
in the conversion region as well as for the simple comparison with the linear case, it is useful to introduce 
the "effective cross section" given by the definition 

dcr y > = ; — , J = n L = n L , (11) 

J qoUJ 2q u 

where j is the flux density of colliding particles. Contrary to the usual cross section, this effective cross 
section does depend on the laser beam intensity, i.e. on the parameter £ 2 . The total effective cross section 
is defined as the sum over harmonics, corresponding to the reaction @ with a given number n of the 
absorbed laser photons: 

da = ^dcr (n) . (12) 

n 

The effective differential cross section can be presented in the following invariant form: 

r 2 d 3 k' d 3 n' 

MC, €, C, O = £ y> (n) dr„, dr n =S(q + nk-q'-k') — , (13) 
4a; ^— ' or q' n 

n u 

where r e — a/m is the classical electron radius, and 

F (n) = Ft ] + £ (ff + G^) • £ //,; CC- (14) 

3=1 i,j=l 

In the collider system 



(n) 

where ip is the azimuthal angle of the final photon. The function Fq describes the total cross section 



dT n — dydtp , (15) 

photon. The function Fq 1 ' 
for a given harmonic n, summed over spin states of the final particles: 

^ (n) (C,0 = - lF^dT n . (16) 



The terms F^^ and G^ti in 114|) describe the polarization of the final photons and the final electrons, 



respectively. The last terms Cid stand for the correlation of the final particles' polarizations. 
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From lQ one can deduce the polarization of the final photon and electron (j J> resulting 

from the scattering process itself. According to the usual rules (see pQ, §65), we obtain the following 
expression for the Stokes parameters of the final photon (summed over polarization states of the final 
electron): 

^ (/) = |f, F = Y / Ft ) , ^ = E F i w) ; i = 1 > 2 > 3 ' ( 17 ) 

n n 

The polarization of the final electron (summed over polarization states of the final photon) is given by 
invariants 



*(/) 



(/) 



G 



(«) 



In the similar way, the polarization properties for a given harmonic n are described by 



(«)(/) 



(n) 



F 



(n) 



(«)(/) 



G 



(n) 



F, 



(n) 



(18) 



(19) 



As an example, we present here the functions -Fo.^2.3 for the circularly polarized laser photons. In 
this case the electromagnetic laser field is described by the 4-potential 



A^{x) = — £ ej, 1 ' cos (kx) + P c eft sin (kx) 



(20) 



where the unit vectors ' are given in (jTJ) and P c is the degree of the circular polarization of the laser 
wave or the initial photon helicity. We have calculated the coefficients F- , Gj and h!-™' using the 
standard technique presented in £Q, §101. The necessary traces have been calculated using the package 
MATHEMATICA. In the considered case of the 100 % circularly polarized (P c — ±1) laser beam, almost 
all dependence on the non-linearity parameter £ 2 accumulates in three functions: 



fn — fn{ z n) — J n -i{z n ) + J n+ i{z n ) 2 J n (z n ) , 

i \ 4rt J n (z n ) 

9n — 9n\ z n) — n j 



(21) 



h n — ^n(^n) — J n —\ (^n) J n -\-\{%n) i 

where J n (z) is the Bessel function. The functions Ij21|l depend on x, y and £ 2 via the single argument 



ns T 



where 



s„ = 2 v /r„(l - r„), c„ = 1 - 2r„ . 
For the small value of this argument one has 

u (z„/2) 2 <"- 1 ) 



y(i + e) 

(1 — y) nx 



fn 



fj 



at 



in particular, 



[(n-l)!] 2 
fi = 9i = hi = I at Z\ = . 



(22) 



(23) 



(24) 



(25) 



The results of our calculations are the following. The function F^ n \ related to the total cross section 
(jTB|) . reads 



1 - 



1-2/ 



1 - /« - 



1+^ 2 



y«n > y(?-y) , 

7= = C2 : C„ (,3 



(26) 
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The polarization of the final photons is given by Eq. I|17[) where 

^7i + e 



( „) = _y ^n hnPcCu (2?) 

1 - V a/1 4- £ 2 



Ft } = 2(f n -g n ) + S 2 n (l + A)g n --y -^=h n P c ( 2 

1 - y y/i + e 



and A = £ 2 /(l + £ 2 ). Note that our results for and F 2 coincide with that ones in the literature, 
whereas the results for and F^ are new. 



4 Examples and discussion 

In this section we give some examples which illustrate the dependence of the differential cross sections 
and the polarizations on the final photon energy. We restrict ourselves to properties of the high-energy 
photon beam which are of most importance for the future 77 and "fe colliders. It is expected (see, for 
example, the TESLA project ^7]) that in the conversion region of these colliders, an electron with the 
energy E = 250 GeV performs a head-on collisions with laser photons having the energy w « 1 eV per a 
single photon. The parameters used below are close to those in the TESLA project. In particular, 

x « AEoj/m 2 = 4.8, 

and the non-linearity parameter £ 2 is chosen either the same as in the TESLA project, £ 2 = 0.3, 
or larger by one order of magnitude, £ 2 = 3, just to illustrate the tendencies. In figures below we use 
notation 

cr = nr 2 e w 2.5 ■ 10" 25 cm 2 . 




Figure 1: Energy spectra of final photons for different harmonics n at £3 P c = —1 and: (a) £ 2 = 0.3; 
(b) £ 2 = 3. The dashed curves correspond to £ 2 = 0. 

The case of the circularly polarized laser photons (Fig. CP- 

The spectra of the few first harmonics are shown in Fig. 2] for the case of "a good polarization" , when 
helicities of the laser photon and the initial electron are opposite, CsP c = — 1. At a small intensity of the 
laser wave (£ 2 = 0.3, Fig. la) the main contribution is given by photons of the first harmonic and the 
probability for generation of the higher harmonics is small. However, with the growth of the non-linearity 
parameter (£ 2 = 3, Fig. lb), the maximum energy for the first harmonic decreases and the peak of this 
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harmonic at y = y\ decreases as well. As for the higher harmonics, with the rise of £ 2 (Fig. lb) we see 
an increase of the yield of photons with energies higher than the maximum energy of the first harmonic. 
As a result, the total spectrum becomes considerable wider. 




The case of the linearly polarized laser photons (Figs. 000). 

The spectra of the first few harmonics for this case are shown in Fig. [21 They differ considerably 
from those for the case of the circularly polarized laser photons shown in Fig. 1. First of all, in the 
considered case the spectra do not depend on the polarization of the initial electrons. The maximum 
of the spectrum for the first harmonic at y — y\ now is about two times smaller than that on Fig. 1. 
Besides, the harmonics with n > 1 do not vanish at y — y n contrary to such harmonics on Fig. 1. 




0.25 0.5 0.75y =t0 7E 1 0.25 0.5 0.75 y^/E 1 

Figure 3: The mean helicity £2 °f the final photons for different harmonics n versus the final photon 
energy u>' at £3 = 1 and: (a) £ 2 = 0.3; (b) £ 2 = 3. The laser photons are linearly polarized. The 
scattering plane is parallel to the direction of the laser photon polarization. 

For the first few harmonics the mean helicities of the final photons, £2^^, are shown at £3 = 1 in 
Fig. 3a for £ 2 = 0.3 and in Fig. 3b for £ 2 = 3. We would like to direct attention to the surprising fact 
that each harmonic is almost 100% circularly polarized near the high-energy part of the spectrum. The 
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Figure 4: The Stokes parameters £3 of the final photons for different harmonics n versus the final 
photon energy u>' at £3 = 1 and: (a) £ 2 = 0.3; (b) £ 2 = 3. The laser photons are linearly polarized. The 
scattering plane is perpendicular to the direction of the laser photon polarization. The Stokes parameter 
£(«)(/) = o in this cage _ 



curves on Fig. 13 are given for the azimuthal angle ip = 0, for other values of cp these curves would look a 
bit different, but not too much. 

The degree of linear polarization of the final photons is not large in the high-energy part of the 
spectrum, but it becomes rather high in the middle and the low part of the spectrum; see Fig. 0] 
Certainly, the direction of this polarization depends on the azimuthal angle ip, as the result the linear 
polarization averaged over ip is substantially smaller than one on Fig. 4. Nevertheless, the non-trivial 
effects, related to the high degree of linear polarization present at a certain tp, do exist. For example, 
it was shown JS] that for linear Compton scattering this feature leads to an important effect for the 
luminosity of 77 collisions. 
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